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We analyze and exploit some scaling properties of the affinity propagation (AP) clustering algorithm pro-
posed by Frey and Dueck [Science 315, 972 (2007)]. Following a divide and conquer strategy we setup an
exact renormalization-based approach to address the question of clustering consistency, in particular, how
many cluster are present in a given data set. We first observe that the divide and conquer strategy, used on a
large data set hierarchically reduces the complexity O(N?) to O(NU#2/U+1) “for a data set of size N and a
depth & of the hierarchical strategy. For a data set embedded in a d-dimensional space, we show that this is
obtained without notably damaging the precision except in dimension d=2. In fact, for d larger than 2 the
relative loss in precision scales such as N&/(+Dd_Finally, under some conditions we observe that there is a
value s* of the penalty coefficient, a free parameter used to fix the number of clusters, which separates a
fragmentation phase (for s <s*) from a coalescent one (for s >s*) of the underlying hidden cluster structure. At
this precise point holds a self-similarity property which can be exploited by the hierarchical strategy to actually
locate its position, as a result of an exact decimation procedure. From this observation, a strategy based on AP

can be defined to find out how many clusters are present in a given data set.
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I. INTRODUCTION

Clustering techniques are useful data-mining tools in ma-
chine learning with many applications in biology, astrophys-
ics, pattern recognition, library archiving, and more gener-
ally for data processing. The question is how to partition an
ensemble of objects such that similar ones pertain to the
same classes. A precise statement of the problem requires the
definition of a similarity measure between objects and of a
cost function. As such, it turns out to be an optimization
problem, which is generally NP-hard. Many algorithms have
been proposed, ranging from expectation-maximization
(EM) types approaches [1] such as k-centers and k-means [2]
to percolationlike methods for building hierarchies. From the
statistical physics viewpoint depending on the form of the
cost function, the clustering solution may be reformulated as
the ground sate of a g-states Potts model which can be solved
by Monte Carlo based methods [3]. This type of models are
suitable for Bethe-Peierls approximations, which algorithmic
counterpart is known to be the belief-propagation (BP) algo-
rithm of Pearl [4,5]. This algorithm was initially introduced
in the context of Bayesian inference, but for optimization
problems this has a well-defined zero temperature limit, the
so-called min-sum algorithm [6].

Considering a relaxed version of the cost function were
clusters are identified by exemplars, and only the similarity
of data to their exemplars are taken into account, Frey and
Dueck have recently proposed the affinity propagation (AP)
algorithm [7] as an instance of the min-sum algorithm to
solve the clustering problem. Their algorithm turns out to be
very efficient compared to other center-based methods such
as k-centers and k-means by avoiding of getting stuck into
some local minimum when the size of the data set increases.
The price to pay for these understandability and stability
properties is a quadratic computational complexity, except if
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the similarity matrix is made sparse with help of a pruning
procedure. Nevertheless, a pre-treatment of the data would
also be quadratic in the number of items, which is severely
hindering the usage of AP on large scale data sets. The basic
assumption behind AP, is that clusters are of spherical shape.
This limiting assumption has actually been addressed by Le-
one and co-workers in [8,9], by softening a hard constraint
present in AP, which imposes that any exemplar has first to
point to itself as oneself exemplar. Another drawback, which
is actually common to most clustering techniques, is that
there is a free parameter to fix which ultimately determines
the number of clusters. Some methods based on EM [10] or
on information-theoretic considerations have been proposed
[11], but mainly use a precise parametrization of the cluster
model. There exists also a different strategy based on simi-
larity statistics [12], which have been already recently com-
bined with AP [13], at the expense of a quadratic price.

In an earlier work [14,15], a hierarchical approach, based
on a divide and conquer strategy was proposed, to decrease
the AP complexity and adapt AP to the context of data
streaming. In this paper, we basically analyze in greater de-
tails the combination of AP with a divide and conquer strat-
egy from a scaling point of view and, realizing that this can
be restated as an exact renormalization procedure by decima-
tion of the data set, we define a new stability criteria to asses
the validity of the clustering solution. The main results of the
paper are on one hand, the information loss estimation when
AP is combined with this hierarchical procedure, and a
simple recipe to identify (almost for free after the hierarchi-
cal treatment) the number of clusters present in the data set,
on the other hand.

The paper is organized as follows. In Sec. II, we start
from a brief description of BP and some of its properties. We
summarize how AP and its extension, soft constraint affinity
propagation (SCAP), originate from it. Then in Sec. III, we
define our hierarchical approach HI-AP and analyze its com-
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putational complexity. In Sec. IV, we compute the leading
behavior, of the resulting error measured on the distribution
of exemplars, which depends on the dimension and on the
size of the subsets. Based on these results we enforce the
self-similarity of HI-AP in Sec. V to develop a renormalized
version of AP (in the statistical physics sense) and discuss
how to fix in a self-consistent way the penalty coefficient,
conjugate to the number of clusters, present in AP. Finally,
Sec. VI is devoted to experimental tests: we present proof of
principle of this method on artificial data set and analyze its
robustness and limits on real-world data set.

II. INTRODUCTION TO BELIEF-PROPAGATION AND AP

A. Local marginal computation

The belief propagation algorithm is intended to comput-
ing marginals of joint-probability measure of the type

P(x) =1 g1 dilx). (2.1)

where x=(x;,...,xy) is a set of variables, x,={x;,iea} a
subset of variables involved in the factor i,, while the ¢;’s
are single variable factors. The structure of the joint measure
P is conveniently represented by a factor graph [6], i.e., a
bipartite graph with two set of vertices, F associated to the
factors, and ) associated to the variables, and a set of edges
& connecting the variables to their factors. Computing the
single variables marginals scales in general exponentially
with the size of the system, except when the underlying fac-
tor graph has a tree like structure. In that case all the single
site marginals may be computed at once by solving the fol-
lowing iterative scheme due to Pearl [4]:

maﬂi('xi) — E lpa(xa)]i[ njﬂa(xj) >
X Jj
jeaj#i

n;q(x;) — ilxy) H my,_i(x;).

bai,b+a

where m,_,,(x;) is called the message sent by factor node a to
variable node i, while n,_ ,(x;) is the message sent by vari-
able node i to a. These quantities would actually appear as
intermediate computations terms, while deconditioning Eq.
(2.1). On a singly connected factor graph, starting from the
leaves, two sweeps are sufficient to obtain the fixed points
messages, and the beliefs (the local marginals) are then ob-
tained from these sets of messages using the formulas,

1
bi(x;) = Z¢i(xi)H m,_i(x;),

asi

b = -l L),
Za ica
with Z; and Z, insuring normalization of the beliefs. On a
multiply connected graph, this scheme can be used as an
approximate procedure to compute the marginals, still reli-
able on sparse factor graph, while avoiding the exponential
complexity of an exact procedure. Many connections with
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mean field approaches of statistical physics have been re-
cently unraveled, in particular the connection with the TAP
equations introduced in the context of spin glasses [16], and
with the Bethe approximation of the free energy [5].

B. AP and SCAP as min-sum algorithms

The AP algorithm is a message-passing procedure pro-
posed by Frey and Dueck [7] that performs a classification
by identifying exemplars. It solves the following optimiza-
tion problem

¢ =arg min(E[c]),
with

def N

N
Elc]= - X S(i,c) - 2 log x,lcl, (2.2)
i=1 =1

where ¢=(c;,...,cy) is the mapping between data and ex-
emplars, S(i,c;) is the similarity function between i and its
exemplar. For datapoints embedded in an Euclidean space,
the common choice for S is the negative squared Euclidean
distance. A free positive parameter is given by

def
s=—-S@i,i), Vi,

the penalty for being oneself exemplar. Xﬁf’)[c] is a set of
constraints. They read

p ifc,#u, Jis.t. ¢;=n
Xulel= .
1 otherwise.

p=0 is the constraint of the model of Frey-Dueck. Note that
this strong constraint is well adapted to well-balanced clus-
ters, but probably not to ring-shape ones. For this reason
Leone et al. [8,9] introduced the smoothing parameter p.
Introducing the inverse temperature /3,

defl
Plel=exp(- BEL)

represents a probability distribution over clustering assign-
ments c. At finite 3 the classification problem reads

¢* = arg max(P[c]).

The AP or SCAP equations can be obtained from the standard
BP equation [7,8] as an instance of the Max-Product
algorithm. For self-containess, let us sketch the derivation
here. The BP algorithm provides an approximate procedure to
the evaluation of the set of single marginal probabilities
{P;j(c;= )} while the min-sum version obtained after taking
B— © yields the affinity propagation algorithm of Frey and
Dueck. The factor-graph involves variable nodes {i,i
=1...N} with corresponding variable ¢; and factor nodes
{m,pu=1...N} corresponding to the energy terms and to the
constraints (see Fig. 1). Let A, (c;) the message sent by
factor w to variable i and B;_, ,(c;) the message sent by vari-
able i to node u. The belief propagation fixed point equations
read:
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FIG. 1. Factor graph corresponding to Ap. Small squares repre-
sents the constraints while large ones are associated to pairwise
contributions in E(c).

A;Lﬂi(ci =c)= 2 H Bj%,u(cj)Xﬁ[{Cj}’C]v (2.3)
,u,ﬂi{cj} J#Ei
Bi—»/},(ci = C) = L H Avai(c)e'BS([’C)' (24)

i—p vFE u

Once this scheme has converged, the fixed points messages
provide a consistency relationship between the two sets of
beliefs

N
1
b,u[{ci} = c] = Z_Xﬁ[c]H Bi—»[u(ci) } (25)
" i=1
1 N
bic;=c)=—11 A, [c]eP). (2.6)
Zi =1

The joint probability measure then rewrites

N
I15,[c]
1 u=1
Plc]= Z_—’
T (e

i=1

with Z,, as the normalization constant associated to this set of
beliefs. In Eq. (2.3), we observe first that

. def
A,u—>i: A,u—»i(ci: 14 7& ,LL), (27)

is independent of » and second that A, _(c;=c) depends only
on B;_ ,(c;=u) and on X, B, ,(c;=v). This means that
the scheme can be reduced to the propagation of four quan-

tities, by letting

def
A,LH[: A,LH[(CI' =p),

def
- A,

m—i— N—l

s

def
Biﬂ,u,= Biﬂ'u,(ci = ,LL),
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_ def
B, .,=1-B

I— i— >

which reduce to two types of messages A,,_,; and B, ..
At this point we introduce the log-probability ratios,

def
1 (A,
a -=—log<—”—>,

pn—i A
B \A,.,
def
1 [Bie
rlHM= _10 (__E) 9
B "\B,_,

Corresponding, respectively, to the “availability” and “re

def
sponsibility” messages of Frey-Dueck with ¢= —élog p-
Taking the limit B— o0 at fixed ¢ yields

a, ;= min{O,max[— ¢,min(0,7,_,)]

+ > max (0,7, } e (2.8)
JFi
aH,-—mm[q > max(0,r ]Hl)] (2.9)
JFIi
Ficp =S, u) = max[a,_; + S(@i,v)]. (2.10)

vFE M
After reaching a fixed point, exemplars are obtained accord-
ing to

c; =arg max(S(i,u) +a,_;
. I

) arg maX(r,HM + a,u%i) .

(2.11)

Altogether, Eqgs. (2.8)—(2.11) constitute the equations of

SCAP, which reduce to the equations of AP when ¢ tends to
—00,

III. DECREASING THE COMPLEXITY OF AFFINITY
PROPAGATION

As already mentioned the AP computational complexity is
expected to scale like O(N?); it involves the matrix S of pair
distances, with quadratic complexity in the number N of
items, severely hindering its use on large-scale data sets [17].
This AP limitation, which is for example not adapted to
streaming of data, can be overcome through a divide-and-
conquer heuristics inspired from [18], which we have pro-
posed in [14,15]. Let us describe here this approach.

A. Hierarchical affinity propagation

The basic procedure goes as follows the data set & of size
N is randomly partitioned into N subsets. AP is launched on
every subset and outputs a set of exemplars, which in turn
are clustered to yield the final result. The complexity is then
VN X (VN)*=N*2 as long as the number of exemplars K pro-
duced by each individual subset is o(N") because the last
clustering step costs (K \N)2 in complexity. This divide-and-
conquer strategy could be actually combined with any other
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FIG. 2. Sketch of the HI-AP procedure for 2 hierarchical levels.
At each elementary clustering steps, items are weighted in propor-
tion to what they represent as exemplars, i.e., WAP is in use instead
of AP.

basic clustering algorithm, and this procedure can be easily
extended to have more than one hierarchical levels (see Fig.
2), thus, reducing further the computational cost as follows:

Let i be the total number of hierarchical levels, starting at
h=0 for the basic data set so that by convention HI-AP with
h=0 simply reduces to AP. At each level of the hierarchy, the
penalty parameter s is set such that the expected number of
exemplars extracted along each clustering step is a constant
K. If b is the ratio of subset number between two hierarchical
levels, M=N/b" is the size of each subset to be clustered at
level h; at level h—1, each clustering problem thus involves
bK=M exemplars with corresponding complexity

N 2/(h+1)
(0 :KZ(—> .
(0) X

The total number N, of clustering procedures involved is

h
) bh+1_1
N.,=2,b'=

r EO b-1

=

s

with overall computational complexity,

N
2 N 2/(%1)}—_1 (N (h+2)/(h+1)
C(h)=K % (g>l/(h+l) 1N;KK K :
K

It is seen that C(0)=N2, C(1)=N2,..., and C(h)=N for h
>1.

Note that this procedure is naturally implemented in a
streaming context; the partition is made automatically by
buffering the data as they arrive in a buffer of size M. When
it is full, AP is run on this set, and the exemplars are stored in
another buffer of identical size M but corresponding to the
next hierarchical level. The procedure can be continued in-
definitely as long as the data flow is not too large, i.e., the
run-time taken by AP to treat one single buffer at lowest
hierarchical level should not exceed the time needed for the
same buffer to be full again.

PHYSICAL REVIEW E 81, 066102 (2010)

FIG. 3. (Color online) Aggregation of data points into single
weighted items.

B. AP clustering of aggregated data points

The exemplars at some level may not represent a fixed
number of data points from lower levels, so a slight adjust-
ment may be needed in some cases. The question then is how
should we adapt the update rules of AP when the data points
are the result of some prior aggregation. Assuming that a
subset SC & of n points, supposed to be at average mutual
distance € is aggregated into a single point ¢ € S (see Fig. 3),
how should we change the update rules so as to keep the
result stable when € is small? This is done by rewriting the
similarity matrix as follows:

S(e,i) —nS(c,i), VieS (3.1
S(i,c) — S(i,c), VieS (3.2)
S(e,c) — > S(iyc), (3.3)

ieS

and all lines and columns with index ie S\{c} are sup-
pressed from the similarity matrix. The first transformation
Eq. (3.1) simply states that ¢ as a data point accounts now for
n former points in S, while Eq. (3.2) reflects that ¢ taken as
exemplar accounts only for himself in Eq. (2.2). In the last
transform Eq. (3.3) it is implicitly assumed that if ¢ is its
own exemplar, then all points in S would adopt him as their
exemplar too. This redefinition of the similarity matrix is not
anymore symmetric and yields nonuniform penalty coeffi-
cients. In the basic update equations Egs. (2.8)—(2.11), noth-
ing prevents from having different self-similarities because
the key property Eq. (2.7) for deriving these equations is not
affected by this. For a valid clustering with the hard con-
straint of AP, the energy cost per data point obtained from
Eq. (2.2) reads

n

e[¢] = ]%/2 (s + > dz(i,c)) = ]%s +

c=1 iec

=z =

N
E dz(i9ci) 5
i=1

(3.4)

if n is the total number of cluster found by the solution, and
we specify the similarity measure with help of the Euclidean
distance

dii,j)=r;-r|, V() e

To ensure a basic scale invariance of the result, i.e., that the
same solution is recovered, when the number of points in the
data set is rescaled we see that s has to scale like N. Now, if
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Center of Mass

FIG. 4. (Color online) The point minimizing the energy cost for
a single cluster distribution

we deal directly with weighted data points in an Euclidean
space, the preceding considerations concerning the reweight-
ing of the similarity matrix suggests that one may start di-
rectly from the following cost function:

def n
ele]= ns+ %2 > wid(i,c). (3.5)

c=liec

Z being the normalization constant

def
Z= E wi.
ief

The {w;, VieS} is a set of weights attached to each
datapoint and the self-similarity has been rescaled uniformly

s — E w;s,

ief

with respect to the total weight of the data set. Update rules
of AP will be modified accordingly to (3.5) and will be re-
ferred as to weighted affinity propagation (WAP) in the fol-
lowing. This along with the partitioning mechanism defines
in principle completely our hierarchical affinity propagation
algorithm (HI-AP). However, as we shall see in Sec. V, the
penalty s may be force to scale differently between hierar-
chies, under some additional constraints related to clustering
stability. Beforehand we have to analyze some scaling effects
associated to HI-AP, motivated by the estimation of the error
caused by the divide-and-conquer strategy.

IV. INFORMATION LOSS OF HI-AP

Assessing the error made by HI-AP is not an easy task for
a general distribution of data points and for an arbitrary set-
ting of the penalty s, because this requires in principle the
knowledge, or at least a good estimation of the joint distri-
bution of exemplars found by AP. Nevertheless, we can say
something in the following relevant situation, where the un-
derlying data set presents well-separated clusters and by as-
suming that the penalty s is correctly tuned: this means that
AP do not fragment or merge these underlying clusters, it is
selecting exactly one single exemplar per existing true clus-
ter. In such a case, clusters can be considered independently.
In what follows, we consider a single cluster with finite vari-
ance, with its center of mass inside the cluster, and make the
assumption that the exemplar selected by AP is the nearest
neighbor to the center of mass [see Fig. 4]. Indeed, by con-
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struction, AP aims at finding the cluster exemplar r, nearest
to the center of mass of the sample points noted r,,,:

N

1
e(e)=s+—2|r;—r>=|r,,—r+ Cst.
N

A. No loss in dimension d # 2 for a well-tuned dilute AP
clustering

To assess the information loss incurred by HI-AP it turns
out to be more convenient to compare the results in distribu-
tion, i.e., the distribution P, of the cluster exemplars com-
puted by AP, and the distribution P of the cluster exem-
plar computed by HI-AP with hierarchy-depth #h, by
considering for example their relative Kullback Leibler dis-
tance, or more basically by comparing their variance.

Let

Fe=Tc—Tep

denotes the relative position of exemplar r, with respect to
the center of mass r,,. Assuming a spherical symmetry for
the cluster (in fact this has to be true only locally near the
center of mass as shown in the next subsection), the prob-
ability distribution of F, conditionally to r,,, is cylindrical;
the cylinder axis supports the segment (0,r,,,), where 0 is
the origin of the d-dimensional space. As a result, the prob-
ability distribution of r_,+T, is the convolution of a spheri-
cal distribution, governed by the central limit theorem, with a
cylindrical one governed by extreme value events.

In the sequel, subscripts sd refers to sample data, ex to the
exemplar, and c¢m to center of mass, x. denotes the corre-
sponding square distances to the origin, f. the corresponding
probability densities and F. their cumulative distribution.
With these notations, the variance of the bare sample data
distribution reads

def

o= F[x,]= f“ xfog(x)dx, (4.1)
0

and we assume it to be finite, as well as the following quan-
tity,

def . log[Fsd(x)]
a= — hm—,

4.2
lim == (4.2)

which encodes the short distance behavior of the sample data
distribution. The cumulative distribution of x_,, of a sample
of size M then satisfies

d dx
1—‘(_’_)
. X 2 20
tim £l )=
where I'(x,y) is the incomplete gamma function, by virtue of
the central limit theorem. Meanwhile, xz;z=|r,,~r,,|*> has a
universal extreme value distribution (up to rescaling, see
e.g., [19] for general methods):
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FIG. 5. (Color online) Radial distribution plot of exemplars obtained by clustering of Gaussian distributions of N=10° samples in R¢ in
one single cluster exemplar, with hierarchical level 4 ranging in 0, 1, 2, and 5, for diverse values of d: d=1 (upper left), d=2 (upper right),
d=3 (bottom left) and d=4 (bottom right). Fitting functions are of the form f(x)=Cx¥>~! exp(—ax??).

d/2) .

1
lim Fa(M—z/dx) =exp(— ax (4.3)

M—o

To see how the clustering error propagates along with the
hierarchical process, we proceeds by induction. At hierarchi-
cal level h, one exemplar is selected out of M sample data
spherically distributed with variance o); it is the closest one
to the center of mass and become a sample data at next level.
Therefore, at hierarchical level 4+ 1, the sample data distri-
bution is the convolution of two spherical distributions, the
exemplar and center of mass distributions obtained at level /.
Assuming « and o are given by afjh) and o' at level h, the
following scaling recurrence property holds at level h+1
(See Appendix A for details):

g
1 X
r 5’20_(h+1)
—1 d=1
3
2

L exp[- aV*Vx] d=2

X
lim F§Z+l){ ] =
M—o

lim FU+D

) — exp(— a&h+l)xd/2) d>2.
M—oo

(W
with o"D=g® for d=1, a(dh”):ag‘) for d>2, while
a(zh”):a(zh)/ 2 in dimension 2. As a result the distortion loss
incurred by HI-AP does not depend on the hierarchy depth &
except in dimension d=2.

Figure 5 shows the radial distribution of exemplars ob-
tained with different hierarchy-depth /4 and depending on the
dimension d of the data set. The curve for 7=0 corresponds
to the AP situation, so the comparison with 4#>0 shows that
the information loss due to the hierarchical approach is mod-
erate to negligible in dimension d # 2 provided that the num-
ber of samples per cluster at each clustering level is “suffi-
cient” (say, M >30 for the law of large numbers to hold). In
dimension d>2, the distance of the center of mass to the
origin is negligible with respect to its distance to the nearest
exemplar; the behavior of the cost is thus governed by the
Weibull distribution which is stable by definition (with an
increased sensitivity to small sample size M as d approaches
2). In dimension d=1, the distribution is dominated by the
variance of the center of mass, yielding the gamma law
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TABLE 1. Different values of w for various distributions.

Weibull (4.3) Gaussian

Uniform L;-sphere Uniform L,-sphere

w 1 d/2 77/F(1+§)

m/6(5)* 24 T35 d/(d+2)/T(1+3)

which is also stable with respect to the hierarchical proce-
dure. In dimension d=2 however, the Weibull and gamma
laws do mix at the same scale; the overall effect is that the
width of the distribution increases such as 2", as shown in
Fig. 5 (top right).

B. Corrections for finite size data set

In practice the number of data points per cluster might be
not so large, hence it would be interesting to have an estima-
tion of the error made by HI-AP when M is finite. In order to
limit the assumption on the shape of the underlying cluster
we observe first that the parameter « defined in the preceding
section is related to density at the center of the cluster p,,(0)
by

=0, (4.4
d

with Q,=27%?/T'(d/2) the d-dimensional solid angle, as

long as the distribution is locally spherical around this point.

Still, the shape of the cluster has some influence on the final

result and we characterize it by defining the following ad hoc

shape factor:

def o a2/d

w=—"7F"""_1.
2
I'l1+-—
d

This dimensionless coefficient, relating « i.e., the density at
the center of cluster to its variance o prove to be useful for
our purpose. By definition it reduces to w=1 for the univer-
sal Weibull distribution Eq. (4.3) and some other values de-
pending on the spatial dimension are displayed in Table I.
For d>2, assuming a=a, ") and w=w™ at level h

(4.5)

o=0
we find the following recurrence property (see Appendix B
for details):

O,(h+]) — O,(h) +0(M2/d_1),

(0)

o 1

_7 - 2/d-1
= (°)<1+M1‘2’d>+0(M ).

For a data set of size N, M=N"" when there are h—1 hier-
archical levels, so if we now compare the variance

50
oM = W(1 +N2/dh—1/h) + 0(N2/hd—l/h)’
w

of the exemplar distribution in that case, to

(0) (0)
m_9 v 2/d-1
o2 _w(0)<1+N1_2/d>+0(N ),

obtained directly with AP, we get

o
51 = NYdh=11h o o (Ndh=17hy

o

when d is larger than 2. This is consistent with the numerical
check shown on Fig. 6.

V. RENORMALIZING AFFINITY PROPAGATION

In Sec. III, we left aside the question concerning the pen-
alty coefficient s, how should it be modified from one hier-
archical level to the next one. We address this question in the
present section by applying a simple and exact renormaliza-
tion principle to AP, based on the results of the preceding
section, to yield a way to determine the number of true un-
derlying clusters in a data set.

By convenience we setup a thermodynamic limit where
data point and clusters are distributed in a large spatial vol-
ume V and go to infinity independently with a fixed density
of underlying clusters. After dividing s by V, the clustering
cost per datapoint Eq. (3.5) reads for large n and N, n<N:

e(p) = a(p) +sp, (5.1)

with p=n/V denoting a fixed density of clusters found by AP;

def PV

olp)= > vo,, (5.2)
c=1

denotes the distortion function, with v.=N,/N the fraction of
points in cluster ¢ and o, the corresponding variance of the
AP-cluster c.

Let us consider a one level HI-AP where the N-size data set
is randomly partitioned into M=1/\ subsets of AN points
each and where the reduced penalty s is fixed to some value

10 p— il
E == h=2 ;
[ AN v+ h=5 ]
' - f(d) = 1000n2/d-1)|
T o f(d) = 10°(2/x-1) §
o 4] AN\ T
° OF y

0,01 ? ...............

0,001 | | ‘
0 5 10 15 S
d

FIG. 6. (Color online) o'/ V-1 for h=1,2,5 as a function
of the dimension, when finding exemplars of a single cluster of 10°
points (repeated 10* times)
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FIG. 7. (Color online) The distortion function for various values of % (left panel). The energy (i.e., the distortion plus the penalties) as
a function of the number of clusters obtained at each hierarchical level of a single =2 HI-AP procedure with 7=0.85 (right panel). In both

plots d=5AN=300 and n*=10

such that each clustering procedure yields n exemplars on
average. Considering the n/N-size set of exemplars, the
question is to adjust the value s™ for clustering this new data
set, in order to recover the same result as obtained by clus-
tering the initial data set with penalty s. Let us make some
assumptions on the data set:

(i) the initial data set samples n* nonoverlapping distribu-
tions, with common shape factor w.

(i) there exists a value s* of s for which AP yields the n*
true underlying clusters when N tends to infinity.

(iii) o(p), the mean square distance of the sample data to
their exemplars in the thermodynamic limit, is assumed to be
a smooth decreasing convex function of the density p=n/V
of exemplars (obtained by AP) with possibly a cusp at p
=p" (see Fig. 7).

Assumption (i) can be approximately measured through
parameter 7, where d,;, is the minimal distance between
cluster centers and R, is the maximal value of cluster ra-
dius:

max

def
7= M (5.3)
2Rmax

Indeed clusters are expected to be separable for 7>1. In
practice, gradually increasing s decreases the number of clus-
ters, one by one, either merging two clusters fragments of a
true cluster (defragmenting phase) or merging two (truly dis-
tinct) clusters (coalescent phase). Assumption (ii) implies
that merging two truly distinct clusters entails always a
higher cost than fragmenting a true cluster. It follows that, by

) /My = AN
HAP Step1 _[Mm=2
- \data points/ ™
s -
e Y e St ~._HAP Step 2
N data points ™~_—" s
/M =1/X data subsets, B
/\-\N ) ( .\A\") <’\N ) \ N
NN direct AP / ‘
( .\N) ( AN . = n2
\ "~ s \ )

FIG. 8. Divide-and-conquer strategy translated in a Kadanoff
decimation procedure.

gradually increasing s, one first observes the defragmenting
phase—until some threshold value s* is reached. At that
point the defragmentation phase ends and is replaced by the
coalescent one.

Performing the clustering using one or two hierarchical
levels should yield the same result. This basic requirement
indicates how s should be renormalized. It is obtained by
reinterpreting the divide-and-conquer as a decimation proce-
dure by enforcing the self-consistency of HI-AP as illustrated
in Fig. 8. Let n; [respectively, n,] be the number of clusters
obtained after the first [respectively, second] clustering stage.
Depending on s (Fig. 9) the proper rescaling may vary, but
for s=s" this is supposed to behave in a universal way, be-
cause in that case, the clusters are preserved while their vari-
ance, as shown in the preceding section is simply multiplied
by (NN/n,)" 2/ w=\*?/ @ in dimension d> 2. Therefore, we
choose to rescale s as

(5.4)

When N4/ @w<1, i.e., when there is a sufficient amount of
data points per cluster, we expect the following property of
HI-AP to hold:

FIG. 9. (Color online) Transformation of the clusters after the
first HL-AP step depending on s. s™ is defined to ensure clustering
stability when s=s".
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o(p)

Coalescence
AP

(a) Coalescence pi

p(s)

(b) = 5

FIG. 10. (Color online) Sketch of the rescaling property. Com-
parison of the distortion function between two stages of HI-AP (a).
Corresponding result in terms of the number of clusters as a func-
tion of s (b).

s<s" then ny=n, =n"

if {s=s" then n,=n,;=n". (5.5)

s>s" then ny,=n;, =n"

The reason is the following. In the thermodynamic limit the
value n; for n, which minimizes the energy is obtained for
py=n,/V as the minimum of Eq. (5.1):

s+0o'(p)=0.

At the second stage one has to minimize with respect to p,

)\Z/d

w
e™(p) {WU(“(/J,M) + pS} :

T o
where o™ (p, p;) denotes the distortion function of the sec-
ond clustering stage when the first one yields a density p; of
clusters. This amounts to find p=p, such that

o do™

+Wﬁ—p(p,p1)=0,

s (5.6)

We need now to see how, depending on py,

def
) (p)= NN (p,py)

compares with o(p). This is depicted on Fig. 10(a). The
qualitative justification of this plot is given in Appendix C.
The point which is selected then graphically corresponds to
the one for which the slope of a(p) is —s, which results in the
behavior depicted on Fig. 10(b). from which this property
Eq. (5.5) holds. The true number of clusters n*=p*V is then

PHYSICAL REVIEW E 81, 066102 (2010)

easily identified as the junction point of the two curves in
this figure.

VI. NUMERICAL EXPERIMENTS

We have tested this renormalized procedure both on arti-
ficial and real-world data sets, for proofs of principle and to
discuss the robustness and limits of the approach.

A. Artificial data sets

The study conducted on artificial data sets investigates the
impact of the cluster shapes, their overlapping, the dimen-
sionality and the size of the data set. The typical observed
behavior is the one shown on Figs. 11(a), 11(c), and 11(d).
The self-similar point is clearly identified when plotting the
number of clusters against the bare penalty, when 7 is not to
small. As expected from the scaling Eq. (5.4), the effect is
less sensible when the dimension increases, but remains per-
fectly visible and exploitable at least up to d=30. The ab-
sence of information loss of the hierarchical procedure can
be seen on the mean-error plots on Fig. 11(b), in the region
of s around the critical value s*. The results are stable, when
we take into account at the first stage of the hierarchical
procedure the influence of the shape of the clusters. This is
done by fixing the value of the factor form w to the correct
value. In that case, at subsequent levels of the hierarchy the
default value w=1 is the correct one to give consistent re-
sults. Nevertheless, if the factor form is unknown and set to
false default value, the results are spoiled at subsequent lev-
els, and the underlying number of clusters turns out to be
more difficult to identify, depending on the discrepancy of w
with respect to its default value. We have observed also that
the identification of the transition point is still possible when
the number of data points per cluster get smaller, down to 6
in these tests. To obtain these curves e.g., with two hierar-
chical levels the total number of clustered items vary in the
range 10*—10° which is out of the range of a single AP run on
a complete graph.

B. Real-world data sets

On real data the situation is different since we have no
direct way to know whether the conditions of validity of the
approach are satisfied. To be of interest a real data set has to
be very large, typically 10°—10° items, to let several hierar-
chical comparisons. In addition the data have to be embed-
ded in R%.

The EGEE grid data set, publicly available from [15] and
comprising 5 million datapoints, has been used. Each
datapoint, originally describing a job submitted on the EGEE
grid, is described by 6 continuous variables and 6 boolean
ones. For the sake of the study, boolean values have been
replaced by continuous values in [0,1], with addition of a
small amount of noise uniformly distributed in [0,0.1]. Fi-
nally all components are rescaled such as to fit in a window
of identical unit size and the standard Euclidean distance is
used. The output of HI-AP is shown on Fig. 11(e). It is seen
that the curves join near s=4 [20], yielding then basically
n=4 different clusters. When looking more carefully at the
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FIG. 11. (Color online) Number of clusters obtained at each hierarchical level as a function of s, with fixed size of individual partition
AN=300, for various spatial dimension, separability indexes and number of underlying clusters (a), (¢) and (d), for the EGEE data set (e) and
of a jpeg image (f) of 1.5X 10° pixels size. Error distance of the exemplars from the true underlying centers (b) corresponding to clustering

(a).

exemplars, we see that the clusters correspond to different
combinations of labels (the initially binary components),
while in the continuous subspace HI-AP does not detect any
structure; all exemplars found at s=4 share the same continu-
ous components. Looking at distributions of the whole data
set along the axes shows instead well defined structures; un-
fortunately these clusters are very unbalanced by a factor of
=100-1000, which certainly prevents the condition (ii) from
being satisfied. By contrast the structures on the (initially)
discrete features are perfectly identified, although clusters
seem also unbalanced by a factor of =10 in this subspace.

The strategy to circumvent this limitation of the algorithm is
certainly related to redefining the distance, accounting for the
spatial variation of densities [21].

A second large image data set has been considered, where
the data points actually reflect the pixels in the images. Each
data point lies in a (almost) continuous five-dimensional
space, the 2 first components corresponding to the pixel spa-
tial position while the 3 other corresponding to red-green-
blue encoding of the colors. We rescale as before each vari-
able to fit in a window of size one, and consider as well the
Euclidean distance. On the example seen on Fig. 11(f) we
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again see a point of convergence of the three curves indicat-
ing a number of cluster equal to 5. We observe this despite
the little offset between h=1,2 and h=2,3, showing that
these clusters are far from being spherical. Looking then
again at the distribution along some axes (color axes) reveal
on one hand that we should probably identify more detailed
clusters, but also how far we are from the working assump-
tions made and supporting the renormalization approach on
the other hand, as these clusters do overlap quite signifi-
cantly. While a similar situation is observed on most pictures
we have been testing, HI-AP is found to yield a rather relevant
selection of clusters though.

VII. DISCUSSION AND PERSPECTIVES

The present analysis of the scaling properties of AP,
within a divide-and-conquer setting gives us a simple way to
identify a self-similar property of the special point s*, for
which the exact structure of the clusters is recovered. Our
main contribution hence is a principled approach for identi-
fying the true cluster structure when using AP. While earlier
work has been intensively examining the stability of k-means
or PCA approaches (see e.g. [22]), to our best knowledge,
the use of a renormalization approach is original in this con-
text. This property can be actually exploited, when the di-
mension is not too large and when the clusters are suffi-
ciently far apart and sufficiently populated. The separability
property is actually controlled by the parameter 7 introduced
in Eq. (5.3), and in the vicinity of s*, the absence of infor-
mation loss, deduced from the single cluster analysis is ef-
fective. The approach can be turned into a simple line-search
algorithm and this perspective will be investigated further on
real data sets to obtain an online self-tuning of s, i.e., during
the hierarchical treatment itself.

From the theoretical viewpoint, this renormalization ap-
proach to the self-tuning of algorithm parameter could be
applied in other context, where self-similarity is a key prop-
erty at large scale. First it is not yet clear how we could adapt
our method to the SCAP context. The principal component
analysis and associated spectral clustering provide other ex-
amples, where the fixing of the number of selected compo-
nents is usually not obtained by some self-consistent proce-
dure and where a similar approach to the one presently
proposed could be used.
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APPENDIX A: PROOF OF LOSS ESTIMATE

The influence between the center of mass and extreme
value statistics distribution corresponds to corrections which
vanish when M tends to infinity (see Appendix B. Neglecting
these corrections, enables us to use a spherical kernel instead
of cylindrical kernel and to making no distinction between ex
and ex, to write the recurrence. Between level & and h+1,
one has:

PHYSICAL REVIEW E 81, 066102 (2010)

) = J K", y) A5 (v)dy (A1)

with

| XY d . [dx dy
i g £ 3 ) e A

where K(x,y) is the d-dimensional radial diffusion kernel,

def
1 — :
K(x,y) — Exa’/4—1/2y 1/z_d/41d/2_1(w/xy)e_(x+-‘ )12 )

with 1,;,_; the modified Bessel function of index d/2—1. The
selection mechanism of the exemplar yields at level 4,

FUM () = [F8 01,

and with a by part integration, Eq. (A1) rewrites as:

K M)

D () = K"M(x,0) + f [FSZ)(y)]M (x.y)dy,
with

dr2-1
lim M-IKWM)(i,o): d ( df”)
Moo M 21“(51)00” 24"
2
dx
Xexp —m .

At this point the recursive hierarchical clustering is described
as a closed form equation. The result of Sec. IV A is then
based on Eq. (A2) and on the following scaling behaviors,

. 8] (h)..di2
;;ELFEX (Mz/d)—exp(—a x),

so that
lim F(h”)( ): lim M'~ Vf dyJ duf-*
M —o0 M‘)’ M—x X/O’

1-d/2

y L, M y)

x| =2 k| M, —2 ).
<M”") ( o®

Basic asymptotic properties of I,,_; yield with a proper
choice of v, the non degenerate limits of the scaling result. In
the particular case d=2, taking y=1, it comes:

X
lim F"“”(—)
M—o sd M

= f dy f y duf P (e Py)K (u,y)
h)

Jo-oox
f f L2 \uy)e )
)('/O'(h)

—exp< 1+ ah)a'(h) )

with help of the identity
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oo} — 1 2v
J dxx"e I, (28\x) = —<§> ePle.
a\a

0

Again in the particular case d=2, by virtue of the exponential
law one further has a”=1/¢", finally yielding:

B(h+1) - 1 (h) (A3)

[\

APPENDIX B: FINITE SIZE CORRECTIONS

We consider a given hierarchical level &, r denotes sample
points, r,, their corresponding center of mass, and r. the
exemplar, which in turn becomes a sample point at level A
+1. We have

P () = P(r, e d'r)

= ddl'f dd cmpvd cm(r l‘Cm)

M-1
XP(|rsd_rcm| = |r_rcm||rcm) .

We analyze this equation with the help of a generating func-
tion,

¢ (A) = f drp.(r)e .

where - may be indifferently sd, ¢ or ¢m, and Ar is the
ordinary scalar product between two d-dimensional vectors.
Let A\=|A|, by rotational invariance, p. depends only on r and
¢. depends solely on \, so we have

def

g(\)= log[gb,(A)]:log[Zﬂf”zf drr*='p (r)
0

)\r 1-d/2
X(?) Lyn-1(N7) |.

The joint distribution between r,; and r,,, takes the follow-
ing form

where by definition p,,,,, is the conditional density of r,,, to
gy, with

r

M

psd,cm(rarcm) =psd(r)pcm|sd< r

gcm|sd()\)=(M_ 1)g3d<%), (Bl)
while
(%)
gcm()\)=Mgsd M s (BZ)

where g, is assumed to have a nonzero radius Taylor expan-
sion of the form
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(2n)
i (O) A2 (B3)

g

85N = —AZ >

n=2
since by rotational symmetry all odd powers of A vanish and
where o™ represents the variance at level 4 of the sample

data distribution. In addition the conditional probability den-
sity of r,, to r,,, reads

psd(r)
pcm\sd r
pcm(rcm)

r
"

def
psd\cm(r’rcm) = ) = psd\cm(u’ 0’ rcm)

where u=r-r,, and € is the angle between u and r,,. Let

def
(M rcm P(|rsd I'cm| = u|rcm)

We have
Su,re,)=1- Qd_lf dxxd_lf d@ sin Gd_zpsd‘cm(x, 0,7 )
0 0
with
2742

the d-dimensional solid angle. Let

de

def
h(u,rep) = loglf(u,rey)].

We have

r
cm E
7rcm):| M
From the expansion (B3), we see that corrections in g, and
8em|sa to the Gaussian distribution are of order 1/ M3, o

=0/M as expected from the central limit theorem and
Oemjsa=(M—1)a/M?. Letting y=r,,,—r we have

Pt =pl(r) f ddrcmpcmsd< r

Xexp[(M — Dh(r-r

dr2
P = p”’)(o){ = ] f d'y expl= My (r.y)].

with
M dr P
yM(r, y)— - —log - +log—
M-1 26" 7 7Fph )
+ am ly +r]>+ (M
- r
2M = 1)

As observed previously psh”)(r/ MY converges to a
Weibull distribution when M goes to infinity, and the correc-
tions to this are obtained with help of the following approxi-

mation:
" r a d r (h) y 1
Y )<M1/d’y)_20_(h) y+M1/d +0| — M
with
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a"=p
As a result, computing the normalization constant piZ“

recurrence relations:
p

o+l = o 4 O<L)
M

< oD = F(l + L%)a(h)_w 1+

Letting
, def () a(h)Z/d
o= ——,
2
I‘(l + —)
d
we get
h+l w® 2/d-1
ot )=1+W+0(M ).

Consequently, for 7=0, we have

®

(1) o 2/d-1
o =m 1+M1_2/d +o(M ),

while for 2>1 we get

_ (,()(h_ 1)

(h)
g = O'(h)|:1 + @
M

i :| +0(M2/d_1).

For h=1 this reads

1-w®
o =g 1+W +0(M2/d_1),

and thereby

D = ¢y o(M4Y), for h> 1.

APPENDIX C: CLUSTERING STABILITY IN HI-AP

Assume first that p;=p*, which is obtained if we set s
=s" in the first clustering stage. This means that each cluster
which is obtained at this stage is among the exact clusters
with a reduced variance, resulting from the extreme value
distribution properties Eq. (4.3) combined with definition Eq.
(4.5) of the shape factor w:

1 /AN -2/d )\2/11
0'5)‘)=—<—> o,=—0,. (C1)
w\ n; )

Note at this point that

w
W>1,

)(0) and the corresponding variance ¢
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L
0)—*.

(1) " yields the following

0_(h) a2/ d 1

2\ pgi-2d
F(l + —)
d

+o(M¥+),

is required to be in the conditions of getting a cluster shaped
by the extreme value distribution. For p> p*, the new distor-
tion involves only the inner cluster distribution of exemplars
which is simply rescaled by this (p,/\)*¢ factor, so from Eq.
(5.2) we conclude that

~(\ *
5,/ ()= o(p). for p=p".

Instead, for p<p*, the new distortion involves the merging
of clusters, which inter distances, contrary to their inner dis-
tances, are not rescaled and are the same as in the original
data set. This implies that

de

——(p) =o' (p),

for p<p”.
i p<p

As a result the optimal number of clusters is unchanged, p;
= p*.

For p,;<p"*, which is obtained when s>s*, the new dis-
tribution of data points, formed of exemplars, is also gov-
erned by the extreme value distribution, and all cluster at this
level are intrinsically true clusters, with a shape following
the Weibull distribution. We are then necessary at the transi-
tion point at this stage: p*=p; [23]. In addition, the cost of
merging two clusters, i.e., when p is slightly below p;, is
actually greater now after rescaling,

d&)

—(p)=0'(p). for p=(py)-.
p

because mutual cluster distances appear comparatively
larger. Instead, for p slightly above p;, the gain in distortion
when p increases is smaller, because it is due to the fragmen-
tation of Weibull shaped cluster, as compared to the gain of
separating clusters in the coalescence phase at former level,

%)
—(p)=d'(p), for p=(p),.
dp
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As a result, from the convexity property of o™(p), we then
expect again that the solution of Eq. (5.6) remains unchanged
p,=p; in the second step with respect to the first one.

Finally, for p, > p*, the new distribution of data points is
not shaped by the extreme value statistics when the number
of fragmented clusters increases, because in that case the
fragments are distributed in the entire volume of the frag-
mented cluster. In particular,

PHYSICAL REVIEW E 81, 066102 (2010)

~(\) o

7y (p) = )\Z/da'(p), when p; > p*.

The rescaling effect vanishes progressively when we get
away from the transition point, so we conclude that the op-
timal density of clusters p, is displaced toward larger values
in this region.
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